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Abstract 
In this paper, we consider a non - linear inventory production planning 

problem with an improved Conjugate Gradient Method. A computer 
programme was written in Q Basic to apply the Fletcher - Reeves algorithm 
to the solution of some quadratic problems in production planning. It was 
then run on Pentium 111 1.2 GHZ computer system. It is proved that the 
Fletcher - Reeves Conjugate gradient method provides a solution to a non-
linear inventory production planning problem. 

Introduction 
We consider in this paper the inventory cost model 

n 
Minimize C((x,, i,) =   C\(x\, ij)+ C2(x2,i2)+...+Cn(xll) in) 
i-l 

1'or each period t, the cost incurred depends only on the production quantity x, and the ending 
inventory i, and possibly on the period 1 itself. We assume that management desires a policy in which 
the inventory level is zero at the end of the period n (i.e. i,,= 0) and that each period's demand, y1 must 
he entirely satisfied on lime. This implies 
it   JM -iXt-yi, l--l,2,3.,.n 

Where i0 is the specified level of initial inventory at the beginning of the planning horizon, and 
ihat entering inventory, i,_i and production quantity, x, must be large enough to make the ending 
inventory a non- negative quantity. This ensures that the demand is sufficiently satisfied at each 
period. 

Most often, it is expected that the inventory is integer valued, given that demands and 
production levels arc integer valued. Thus if each cost function C, (x,_ i,) is linear then the inventory 
model is equivalent to a network problem and an appropriate technique of network analysis is 
employed to solve the problem. In most cases, however, the cost function of an inventory-planning 
model is non- linear and some techniques of non- linear optimization like dynamic programming, etc. is 
often applied. In this paper, we shall show that the Fletcher- Reeves conjugate gradient method proves 
quite suitable for such non- linear inventory cost model, 

Flctcher- Revees Conjugate Gradient Methods 
In modern technology, optimization theories are of undisputed importance. The advent of 

high-speed electronic computers with large memory capacities has given rise fundamentally to the 
rapid growth of new optimization techniques. And since the main objectives of optimization is to 
solve a problem under investigation with a high degree of precision and under a highly restrictive 
operation time, so as to minimize computing cost. 

It is necessary to choose a computational scheme that can meet these computational 
requirements. The desire to construct a suitable and implementable algorithm has motivated the 
research investigation contained in this paper. 

For a brief historical background, we begin, essentially with the outstanding and scholastic 
publication of Fletcher, R and Reeves C.M (1964). In their joint paper [1] as an answer to the storage 
difficulty associated with the quasi- Newton methods. The method was first devised by Heslenes and 
Stiefcl (1952). hi their paper [2] as a method of solution for linear systems. Fletcher and Reeves built the 
necessary underlining theory for a successful application of the method to quadratic functional and 
developed its convergence properties. 

They showed that the method has n-quadratic convergence, that is, it converges in at most 
n-iterations starting at any arbitrary point x() [3]. They also have a method of restarting the algorithm so 

 



 
 

 
  



 
  



Our Industrial Model 
Skylight Limit Agricultural Engineering Company, Benin City, Nig. Ltd., specializes in (lie 

manufacturing of agricultural tools and farming implements and other agricultural product processing 
machines such as Cassava grinding machines, Palm Kernel cracking Machines, Cutlasses, Shovels, 
Wheelbarrows and Sickles etc. From its past records, the company realized that in the first quarter of (he 
year it usually, receives orders to supply an average of 100 units of sickles per month. Now the cost of 
producing x units of sickle (s) in any month is Nx2, and the company is currently faced with (he problem of 
determining (he level of production to undertake this quarter in order to minimize costs; though (he 
company is capable of producing more units of sickles than it supplies per month and carries the remnants 
to a subsequent month, but an inventory holding cost of NJO per unit sickle will be incurred in a month. 
Moreover, the company does not charge ordering cost on any of its transactions. So what should be done? 

Mathematical Formulation and Solution 
For the mathematical formulation of (he problem, we shall assume that there is no initial 

inventory since we have no information on the correct inventory level at the time of writing this paper. 
Let Xj,x2 and x3 represent the unit of sickle products in the first, second and third months 

respectively; and let the total cost to be minimized be given as: F (x | ,x2,x3) -x, 21 x2
2+x3

2 +10(x i -100)+10(x, 
+x2 -200) Where Total inventory Cost=(Production Cosl+Holding Cost) The Mathematical Model is: Min. F 
(X)=x,2+x2

2+x3
2 +20xrHOx2-3000   (1) 

Subject to: 
  

 



x, i,\2-200     >0 
xr!-x2-lxr300 > 0 

d. Xj     0, since il is a minimization problem: implies 
X,    0 
X2    0 

X3     0 

We have Xp -10, X2 - -10 and X,3- -200 

Since we are interested in the global minimum of Xj HI ,2,3. 
Global Min (Xj) - -200 
Thus from equation (2) the required unconstrained form of the problem is: 

L(X)-X|2-ix22-i-x^-200(xri-xj-i-x^)+60000 

 

  

 

 

 

 

 



X|tx2-200     >() x,+x2' 
X3-300 >0 

ti. Xj     0, since il is a minimization problem: implies 
X;       0 

X2    0 X}     0 

We have Xr -10, X2 = -10 and X3 = -200 

Since we are interested in the global minimum of Xj HI ,2,3. 
Global Min (Xi) - -200 
Thus from equation (2) the required unconstrained form of the problem is: L(X)-x,2-i 

x,2~i-x^-200 (x,-i'X2+x3)+60000 

Application of Fletcher Reeves Cgm to the Problem 
Using the values obtained above from the Kuhn-Tucker multipliers X,,X2,X.i, we see that the resultant 

unconstrained problem: 
L (X)=X]2+x2

2+Xi2-200 (xri-x2+x .0+60000 is a quadratic functional in X),x2,x> 
Hence, we can apply the Fletcher Reeves CGM algorithm as follows: 

Take X0 =    (0,0,0)' 
go -    VL(Xo) 

=    (-200, -200, -200)' But: 
So=-go 

= (200,200,200)' 

Hence the direction of search from X0 is: 

S,,- -g,r(200,200,200)( 

r ~̂ \ 
2 0 0  

NowV2L(X)= 0 2 0  

L °  °  2 J  

so, we take a step length 
Xo = <go,go > = '/z 

<s0,HSo> 

Where II - V2 L (X) 
Thus X; minimizes the line search at X,=Xo+XoSo- (100,100,100)' 

r ~̂ \ 
As a result, we find the gradient gj=go +X0HS0=      0 

0 
0 
v J 

Implies gi=0, this means that the Fletcher Reeves CGM converges after one iteration! Hence the 
convergence point of the problem is at: 

X*=( 100,100,100) 

which shows (hat the company should produce only lOOunits of sickles in (he first month, 100 units of sickles 
in the second month and in the third month, so its cost of production will be al a minimum,  
  



estimated to be N60000.00 (Sixty thousand Naira) for (he production of sickles during the season and direct i t s  
other resources to the production of other products like Palm kernel cracking machines. Cutlasses, Shovels, 
etc. 

Conclusion 
The high-speed convergence rate of the Fletcher Reeves conjugate gradient method provides a solution 

to a non-linear inventory production planning problem. 
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